GENERATING RATIONAL LOOP GROUPS WITH 
NONCOMPACT REALITY CONDITIONS 



OLIVER GOERTSCHES 



Abstract. We find generators for the full rational loop group of GL(n,C) as 
well as for the subgroups consisting of loops that satisfy a reality condition 
with respect to one of the noncompact real forms GL(ra,R) and U(p, 5). We 
calculate the dressing action of some of those generators on the positive loop 
group, and apply this to the ZS— AKNS flows and the n— dimensional system 
associated to GL(?i, IR)/0(n). 



1. Introduction 

The interest in finding generators for rational loop groups, i.e. groups of mero- 
morphic maps from CP^ into a complex Lie group, originated from dressing actions 
[3] and their various geometric applications; cf. the survey [4] and the references 
therein. Terng and Uhlenbeck introduced the idea of simple elements, i.e. rational 
loops with as few poles as possible that generate the loop group, in order to obtain 
explicit formulae for the dressing action. 

Uhlenbeck [6] found simple elements for the group of GL(n, C)-valued rational 
loops satisfying the U(n)-reality condition, and Terng and Wang [5] extended this 
to the twisted loop group associated to U(7i)/0(n). Motivated by this work, Don- 
aldson, Fox and the author [2] found generators for the rational loop groups of all 
classical groups and G2 with reality condition given by the respective compact real 
form, and most of their twisted loop groups. 

Looking at the above results, it suggests itself to ask for generators of rational 
loop groups, where the reality condition is given by a noncompact real form. In this 
paper, we solve this question for the easiest case, namely the noncompact real forms 
GL(n,K) and \J{p,q) of GL(n, C). It turns out that the task of finding generators 
is actually easier if we do not impose any reality condition at all: in Section 3, we 
show that any GL(n, C)-valued loop can be written as a product of loops of the 
form 

Pa,l3,V,wW = (^ ^_ + 

where the projections Try and ttw are defined via a decomposition C" = V (BW 
into complex subspaces, and 

ma,k,N{X) = Id+ (^J^^ 

where A: is a positive integer and iV is a two-step nilpotent map, i.e. N'^ = 0. 

Whereas the first type of simple elements is the obvious generalization of those 
used in [6], the loops of the form ma,k,N are of a different nature, mainly because 
they have only one singularity. This also reflects itself in the proof, which is split 
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into two parts. Using only the first type and with the same arguments as in the 
proofs of the theorems mentioned above, we first reduce to the case of a loop with 
only one singularity; afterwards, a different argument shows that this loop is a 
product of loops of the second type. 

In Sections 4 and 5, we give refinements of this proof to generate the subgroup 
of loops satisfying the reality condition given by GL(n, R) and \J{p, q), respectively. 
In each case, we need those of the loops above that satisfy the reality condition, as 
well as products of two simple elements of the type Pa,i3,v,w that do not satisfy the 
reality condition by themselves. For U(p, q) with qwe also need a generalization 
of the ma,k,N in which we allow N to be three-step nilpotent. 

Wc would like to remark that as previously done in the literature, we formidatc 
the theorems for groups of negative loops, i.e. loops that are normalized at oo. All 
of them are true without this assumption, if we allow more general linear fractional 
transformations in the definition of the simple factors than those that send oo to 
Id. 

Sections 6, 7 and 8 are independent of the generating theorems in Sections 3, 4, 
and 5. In Section 6, we consider the dressing action of simple elements of the form 
fna,k,N with fc = 1, and apply this to the ZS-AKNS flows. To apply dressing to the 
twisted flows in the SL(n)/SO(ri)-hierarchy, we also prove a permutability formula 
that enables us to find certain products Sc.n of simple elements TOo^i^jv that satisfy 
the twisting condition, see (6.4). In Section 7 we briefly consider the case k = 2. 

Finally, in Section 8, we make the observation that the n-dimensional system 
associated to a symmetric space U / K is equivalent to the system associated to its 
dual symmetric space U* /K. The space of solutions of the U(n)/0(n)-system, 
which by the work of Terng and Wang [5] can be identified with the space of d- 
invariant flat Egoroff metrics, is therefore acted on by the group of negative loops 
in GL(n, C) satisfying the GL(n)-reality and the GL(n)/0(n) twisting condition, 
in particular by the Sa,Af- We calculate the action of the Sa,N on those Egoroff 
metrics and their associated families of flat Lagrangian immersions in C". 

Acknowledgements. The work on this paper was started when the author was 
visiting Chuu-Lian Terng in Irvine, supported by a DAAD postdoctoral scholarship. 
He wishes to thank UC Irvine, and especially Chuu-Lian Terng, for their hospitality. 
Furthermore, he thanks Chuu-Lian Terng, Daniel Fox, and Neil Donaldson for 
valuable comments and useful discussions. 

2. Preliminaries 

For any complex reductive Lie group G and representation p : G —> Gh{V), the 
rational loop group associated to p is given by 

C{G, V) = {g:CP^->G\pog:CP^-. End{V) is mcromorphic}; 

see [2] for some basic examples on how the rational loop group of G depends on 
the chosen representation. If t is an antiholomorphic involution of G, we say that 
a loop g e £(GL(n, C)) satisfles the reality condition with respect to r if 

r(,g(A))=,g(A). 

If a additionally is an holomorphic involution on G commuting with t, then we say 
that g is twisted with respect to a if 
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A loop g is called negative if it is nornializcd at oo, i.e. g{oo) = Id. We use 
superscripts to denote the reality and twisting conditions, and subscripts to denote 
negativity; for example, the group of negative rational loops satisfying the r-reality 
and the a-twisting condition will be denoted by £^_!'^{G, V). 

If p e C{G, V) is given, we say that a E CP^ is a pole of 5 if a is a pole of 
p o g : CP^ End(y). If a is not a pole of g, we say that a is a zero of g if 
p{g{a)) S End(y) is singular. Finally, a is a singularity of g if it is a pole or a zero. 

If a G CP^ is a pole of g, there is a unique number fc > 1 such that the map 
(A — a)''~^g has a pole at a, but (A — a)'^g has none. If we denote the evaluation 
of this map at a by A G End(y), we call the pair (fc,rkA) the pole data of g at 
a. There is a natural ordering on the possible pole data: (fci,ni) < (A;2,n2) if and 
only if fci < k2 or {ki = ^2 and ni < 712). It thus makes sense to compare degrees 
of poles. 

3. The full rational loop group 

In this section, we prove a Generating Theorem for the full rational loop group 
of GL(n, C) associated to the standard representation on C". The simple elements 
needed for that are given in Table 1. 

Table 1. Simple elements for £_(GL(n,C),C") 



Name 


Definition 


Conditions 


Pa,l3,V,W 




C" = y e w 


ma,k,N 




TV : C" ^ C", = 



Here, a, (3 are distinct complex numbers, and the maps tt are projections along 
the decomposition in the column 'Conditions' onto the subspace in the subscript. 
Note that the Pa,p,v,w have two singularities, whereas the ma,k,N have only one; 
furthermore, the determinant of rUa^k.N is 1 at each value X ^ a. 

Theorem 3.1. The rational loop group >C_(GL(n, C), C") is generated by the sim- 
ple elements given in Table 1. 

Remark 3.2. In the case n = 1, no simple factors of the form ma,k,N exist. The 
theorem becomes the well-known statement that any meromorphic map f : CP"'^ 
CP^ with, /(oo) = 1 is of the form /(A) = where p and q are monic polynomials 
of equal degree. 

Proof. Let g e £_(GL(n, C), C"). The first step in the proof is to multiply simple 

elements Pa.p.v.w to the left of g to remove all but at most one singularity. This 
works similarly to the proofs of existing generating theorems: 

Assume first that g has at least two singularities. Let a e C be a pole of g - 
which exists since otherwise g had to be constant - and /? G C another singularity. 
If we define lyj(A) = jE^, the map g o ip^^ has a pole at 0, so we can write its 
Laurent expansion around as go(p^^(X) — J2JL-k dj '^i^h g-k ^ 0. Composing 
with y>, we obtain the Laurent expansion of g in around a: 

i=-k 
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Let V — img-k, choose an arbitrary complement W of V, and regard 

which obviously has a pole at a of lower degree. Inductively, we can remove the 
pole at a by multiplying simple elements of the first type and are left with a loop 
(which we again call g) whose Laurent expansion around a in is of the form 

5(A) =50+ 1^-4 )5l + ••• 



,A-/3, 

If go is invertible, we have completely removed the singularity a. If go is not 
invertible, we continue as follows: The map A t-^ det g{X) has a zero at a of a 
certain order, say k. If we set W = imgo and let V be an arbitrary complement, 
the loop g = pp.a.v,w9 has no pole at a, and the order of the zero of A det ^(A) 
is lower than k. Using induction, wc; arrive at a loop whose evaluation at a is 
invertible, i.e. in GL(n, C). This loop has strictly less singularities than the one we 
started with. 

For this procedure, it was essential to be able to choose two distinct singularities. 
Therefore, we can only repeat this process until we are left with a loop g that has 
exactly one pole, say a G C, and no other singularity, i.e. g{X) G GL(n,C) for all 
A e CP^, A 7^ a. We can therefore write g explicitly as 

ff(A) = (A - a)-M^ + . . . + (A - a)-^Ai + Ao 

with Ar 7^ 0. The normalization condition says Aq — Id. Since det 5(A) is a 
polynomial in (A — a)~^, and complex polynomials always have at least one pole 
and one zero on CP^, it follows that detg{X) = 1 for all A 7^ a. 

For the second part of the proof, we need some notation. For any z > 0, we 
define Ki = f]j~,-keT Aj and 

Vi:=Y,AjiKj+,). 

j>i 

We have filtrations 

(3.1) = KoCKiC...CKrCKr+l=C'' 

and 

= Vr+i c c . . . c Fi c c c". 

Let JC be the set of tuples of nonnegative integers {ai)i>o satisfying aj = n. We 
introduce a total ordering on K, by setting 

< {h)i •^=^ There exists j >0 such that Oj = bi for i > j and aj < bj. 

Note that the unique minimum with respect to this ordering of /C is the tuple 

(n, 0, 0, . . .). For a loop g as above, we define an associated tuple e{g) = {ai)i £ K. 
by tti := dimifj+i — dimJCj = dmiAi{Ki^i) \ the tuple e{g) really is an element of IC 
since ^^>Q(dimiifj+i — dimKj) = dimii'^+i — dimJTo = n. The only loop g whose 
associated tuple e(g) is the minimum (n, 0,0, . . .), is the constant loop g{X) = Id. 
We show by induction on e(g) that g can be written as a product of simple elements 
of the form ma,k,N, the induction basis being trivial. 
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Let ,s > be the smallest number such that im Ai C Vi for all i > s. Since 
im Ar = Vr by definition, we have s <r. 

Let us first regard the case that s > 0; the case s = will be treated later. 
By definition of Vs_i, the space As-i{Ks) is a subset of Vg-i, but by definition 
of s, the space Aa-i{Kr+i) = im^s_i is not, so the smallest number I such that 
\mAs-i{Ki) ^ Vg-i satisfies s < I < r+1. Let v & Kihe such that As-i{v) ^ Vs-i, 
and note that Ai-i{v) ^ 0. 

Let be a two-step nilpotent map satisfying 7V(K,_i) = and N{As-i{v)) = 
-Ai_i{v) e Vi-i C Vs-i. It follows that NAi = for aU i > s since im Ai cVi C 
Vs-i for such i. Therefore, the product 

r 

g{X) = m^,i-s,N{X)9{X) = (Id+(A - ay-'N) ^(A - a)-'Ai 

i=0 

= Id+ . . . + (A - a)-'+' (iVA,_i + + ^(A - a)-'Ai 

i>l 

coincides with g starting with the (A — Q:)~'-coefiicient. The (A — Q!)~'+^-coefiicient 
satisfies 

{NAs-i + = NAs-i{Ki_i) c N{Vs-i) = 

and 

{NAs-i + Ai_^){v) = -Ai_i{v) + Ai_i{v) = 0, 

so e(^) < e{g), and induction may be applied. 

It remains to regard the case s = 0, i.e. im Ai C Vi for all i >0. In particular, 
Vo = C". For dimensional reasons, we have a direct decomposition 

(3.2) C" = 0^i(i^i+i). 

i>0 

Let i3 be a basis of C" compatible with the filtration (3.1). More precisely, let Wi 
be a complement of Ki in i^i+i, i.e. 

= Kr®Wr = Kr-l © Wr-l ®Wr = ... = ^Wi, 

i>0 

choose bases Bj of Wi, and let B — Ui'^i- Note that Ai{Ki+i) = Ai{Wi), so by 
(3.2), we get a second basis B' of by defining B' = [j^ Ai{Bi). Since im c Vi, 
the matrix representation of Ai with respect to these bases {B as basis of the domain 
of definition, and B' as basis of the target) is of the form 



/ * 








[Ai]BB' = 




1 














n— dim Ki^i dim Ki^i— dim Ki dim Ki 



where * signifies unknown entries and 1 represents a diagonal matrix of the ap- 
propriate dimension. From this, we can calculate the leading term of det (?(A) as a 
polynomial in (A — a) 

det5(A) = (A-a)-^^>o'<i™^* + ... 

On the other hand, we know that det5'(A) = 1 for all \^ a, which is therefore only 
possible if dimWj = for all i>l, i.e. g{X) = Id for all A. □ 
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4. The GL(n,R) reality condition 

In this section, wo prove a generating theorem for the group of GL(n, C)-valued 
foops satisfying the reahty condition with respect to the noncompact real form 
GL(n,R). Denote by r : GL(ri, C) GL(n, C) the antihofomorphic involution 
t{A) = A; we are interested in the loop group £!l(GL(n, C), C"), i.e. the group of 

rational loops g : CP^ GL(n,C) satisfying g{X) = g{X) and the normalization 

condition g{oo) = Id. 

To generate this group, we need several types of simple elements, see Table 2. 

Table 2. Simple elements for the GL(n, M)-reality condition 



Name 


Definition 


Conditions 


Pa,0,V,W 




a. 6 e M, C" = y © ly 
V = V,W=W 


qa,l3,V,W 


(X-a)(X-a) , 


a or /3 ^ M, C" = y © W 

v = v,W = w 


r a,f3,V,W 




c" = V © w © y 
vnv = o,W = w 


fna,k,N 




a€m, N'^ = 0,N = N 



Note that all of these simple elements are either GL(n, C)-simple factors or prod- 
ucts of two GL(n, C)-simple factors that do not satisfy the reality condition by 

themselves: qa,l3,V,W = Pa,0,V,WPa,'^y,W '>'a,l3,V,W = Pa,0,V,WPa,'p,V,W 

Theorem 4.1. The rational loop group £!l(GL(n, C), C") is generated by the sim- 
ple elements given in Table 2. 

Proof. Let g G £L (GL(n, C), C"). Observe that if a € C is a singularity of g, 
then so is a. We first regard the case that g has at least two singularities, not all 
of which are real. Let a G C \ M be a singularity of g. If a and a are the only 
singularities of g, let /? be a random real number; otherwise let /? be a (real or 
complex) singularity of g different from a and a. We will remove the singularity 
at a (and simultaneously at a) by multiplying with simple elements of the type q 
and r, so although in the first case we might introduce a new singularity at the real 
value /3, we will have reduced the total number of singularities in any case. 
If g has a pole at a, write the Laurent expansion of g in around a as 

(^)'. 

with 7^ 0; otherwise, continue with (4.1) below. If there exists a nonzero space 
V C im^f-fc with V = V, let W be an arbitrary complement of V with W = W, 
and regard 

f(X-a){X-a) \ff>^-PV \ 

g.,,,.,..(A),(A)=^^3-^^^.. + .^j I^Ia^J + 

= T T^W ° 9-k + ■ ■ ■ ■ 
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This loop has a pole of lower degree at a, since the kernel of nw o g-k contains not 

only the kernel of g-k, but also the preimage of V under g-k- 

If such a space does not exist, let V = im^-fc be the full image oi g-k- We have 
n = and can therefore choose an arbitrary complement W of V (BV with 

W = W. Regard 

W,wWg{X) = ((^) ny + n^+ ny^ [{j^) + 

which has a pole of lower degree; in fact, its ) -coefficient vanishes completely. 
Continuing this, we obtain a loop (again denoted by g) without pole at a, whose 

A-g 
A-/3 



Laurent expansion in yzf around a we write as 



(4.1) g{X) = go + [j^J .91 + ■ • • 

If go is invertible, a is no singularity, so assume that go is singular. Denote by k 
the order of the zero a of the map A i— > det g{X). Let Wo C imgo be a maximal 
subspace with Wq — Wo, and write img^k = Wo © Wi, where Wi is an arbitrary 
complement of Wq in im^f.^. We have necessarily W-^ n Wi = 0. 

If Wi is not empty, let V = Wi and W = Wo ® W2, where W2 is an arbitrary 
complement of Wo ® Wi ® Wi in C" with W2 = W2. We have constructed a 
decomposition 

C" = V®W®V 

with img-k CW®V. Then, the loop g = rp^a,v,wg bas no pole at a since a^a; 
furthermore, the map A 1-^ det g(A) has a zero at a of lower order than k. 

If Wi is empty, we have im g_i. = Wq, i.e. imi^.^ = im^-^. In this case, let 
W = vaig-k and V be an arbitrary complement with V = V. Then we reduce the 
order of the zero by regarding g — qp^a.v.wg- 

By induction, we have removed the singularity a (and simultaneously a). Re- 
peating this step removes all nonreal singularities. 

After having removed all nonreal singularities, we have to deal with the case of 
several real singularities. If a ^ (3 are two real singularities of g, we can continue 
as in the first step, the difference being that the reality condition implies that the 
image of g-k (and the image of go, after having removed the pole) is invariant 
under conjugation. This simplifies matters insofar as we only need to make use 
of the simple factors p; in the notation of the previous step, there always exists a 
nonzero V C im^i-^ with V = V {in fact, we may choose V = hxig-k), and the 
space Wi is always empty. 

Finally, we are left with a loop g € £L(GL(n, C), C") with exactly one singularity 
a G M. We can therefore write g explicitly as 

5(A) = (A - a)-^Ar + . . . + (A - a)-^Ai + Ao 

with Ar 0. The reality condition implies immediately that Ai = Ai for all i. We 

may continue the proof exactly as in Theorem 3.1, because due to the reality of 
the Ai, the nilpotent endomorphisms N constructed there may all be chosen to be 
real. □ 
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5. The \J{p, q) reality condition 

In this section, we generate the group of GL(n, C)-valued loops satisfying the 
U(p, q)-iea\iiy condition. Let us assume that p < q. The case p = was proved by 
Uhlenbeck in [6]. The group \J{p,q) is the fixed point set of the antiholomorphic 
involution t{A) = {A*)~^, where A* is the adjoint of A with respect to the inner 
product {v, w) = - ViWi + Z^f=p+i v^Wi. Also denote 

-Ip 

Ig 

The simple elements needed for the proof are given in Table 3; the loops na,k,N are 
needed only for the case p i= q. 

Table 3. Simple elements for the U(p, g)-reality condition 



Name 


Definition 


Conditions 






C" = y^, y ny^ = 






=V®{V® sV)-^ ® sV 
V isotropic 






aGR, N'^ = 0, N* = -N 


na,k,N 


Id+(^)'iV + l(^)"iV^ 


aeR, N ^ M - M*, where 
M : {V®sV)^ V, 
V max. isotropic 



One easily sees that the first two types of simple elements satisfy the reality con- 
dition. Also, the loops Pay already appear in [3], Section 11. Note that the qa,p,v 
are products of two GL(n, C)-simplc elements: qa.j3,v '■= Pa,0,v,{sV)-^P0a svv^- 
Furthermore, there is an overlap between the first two types: qa,a,v = Pa,vesV- To 
show that the last two types of simple elements satisfy the reality condition observe 
that they fit into the following framework: 



Lemma 5.1. Let N* 

and k gN, 



-N and N'^ = for some r > 1. Then, for any a £ 



r-l 



g{X) = exp((A - a)-''N) = ^ -(A - a)-^''N^ 
is a rational loop satisfying the 'U{p,q)-reality condition. 

Proof. Rationality is clear because of the nilpotency of N. For the reality condition 
we calculate 

T(,g(A)) = exp(dr((A - a)-''N)) = exp(-(A - a^N*) = g{X), 
where we used driX) = —X* for all X G gl(n, C). 



□ 



The following lemmas about the existence of simple factors of type ma,k,N and 
na,k,N will be crucial for the second part of the proof. 

Lemma 5.2. Let N* = —N and N'^ = 0. Then, imN is isotropic, and kerN = 

(imiV)-'-. Conversely, for any V C C" isotropic, and vectors v V and w ^ V"*- 
such that {v, w) € i - M., there exists a skewsymmetric endomorphism N of C" with 
N'^ = satisfying N{V-^) = 0, imA'' c F and N{w) = v. 
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Proof. Let N : C" C" be a two-step nilpotent skewsymmetric endomorphism. 
Since 

^ {N^v,w) = ~{Nv,Nw), 

for all V and w, the image of is isotropic. It follows ker = (im A''*)-'- = (im A'')"'". 

The map N is defined by its restriction N : sV ^ V, and the map Nos iV ^ V 
is skewsymmetric with respect to the standard inner product (VjW) = {sv,'w): 

{Ns{v),'w) = {sNsv,w) = —{sv,Ns{w)) = —{v,Ns{w)). 

So for the converse direction, if v € V and w ^ V-^ with {v,w) S i • K are given, 
write w = swo+w with w € V and w G V-^ and note that {wq, v) = {w, v) € i-R. We 
can therefore choose a map N -.V ^ V, skewsymmetric with respect to (■, ■), that 

satisfies N{m) = V. Then A^ : C" ^ C", defined by N{V^) = and A^|^^ = Ns, 
is skewsymmetric with respect to (•, •) and N{w) — N{swq) — N{wq) — v. □ 

Let V be maximal isotropic, and M : (V (B sV)^ — > ^ be an arbitrary linear 
map. We denote also by M the extension of M by zero on ^ ® sV. Then M* 
satisfies C kerM* and M*{sV) C {V®sV)^. It follows that N = M - M* 
sends sV to (V © sV)-^, which in turn is sent to V. In particular, sends sV to 
V and = 0. 

Lemma 5.3. Assume that p q and let V be maximal isotropic. If u,v,iu are 
vectors such that w & V , v G V-^ \ V and u ^ V-^, satisfying {u,w) G M and 

2- {u,w) + {v,v) = 0, 

then there exists a linear map M : {V (B sV)-^ — >■ V such that the skewsymmetric 
endomorphism N = M — M* satisfies 

^N'^{u) + N{v)+w = 0. 

Proof Let M : {V © sV)-^ ^ F be defined by M{v) = -2w and M{v-^ D {V ® 
sV)^) = 0, and define N := M - M*. We have 

{N{u), v) = -{u, N{v)) = 2-{u, w) 

and consequently, 

N(u) G 2^;^^ -v + v^niV® sV)^ +V = -v + v^n(V® sV)^ + V. 
{v,v} 

It follows 

-N'^iu) + N{v) +w = w-2w + w = 

as desired. □ 

We are now in position to prove the Generating Theorem. 

Theorem 5.4. The rational loop group £!l(GL(n, C),C") is generated by the sim- 
ple elements given in Table 3. 

Proof. Let g € £^(GL(n, C), C"). Observe that g is holomorphic (in particular 
GL(n, C)-valued) at a point a if and only if it is holomorphic at a. We proceed in 
three steps as in the proof of Theorem 4.1. 

Let us first consider the case of g having more than one singularity, and not all 
of them real. Let a G C \ R be one of them, and choose /3 ^ a, a to be another 
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(real or complex) singularity; if there is none, let (3 be an arbitrary real number. If 
a is a pole, write down the Laurent expansion of g in around a explicitly as 



3 = -k 

with (7_/c ^ 0; otherwise continue with (5.1). If there exists an isotropic subspace 
V dimg-k, the loop 

ga,/3,y(A)5(A) = {^[j^^^ Try + 'Kiyfs^sV)^ + {j^^ '^«^) 3{>''> 



has a pole of lower degree at a; note that we used here that a is nonreal. 

If there does not exist an isotropic subspace of img-k, let ^ = im^i-^ and note 
that VCiV-^ =0. Then, 




has a pole of lower degree at a. 

Repeating this, we obtain a loop g without pole at a, whose Laurent expansion 
we write as 

(5.1) 5(A)=5o+(^)5i + ---- 

If go is invcrtible, we have removed the singularity at a, so assume that 90 is 
singular. As in the previous proofs, we try to reduce the order of the zero of the 
map A detg(A) by multiplying simple factors. 

If imgiQ n (imgo)""" = 0, we can reduce the order of the zero by regarding Pa,vg 
for V = (im^^o)"*"- 

If imgfo n (imgfo)"'" 7^ 0, let F = img'o H (img'o)"'" 7^ equal this intersection, and 
note that V is isotropic and img'o C V-^. The order of the zero is now reduced by 
regarding q0,a,sV9- 

Repeating this, we obtain a loop that is holomorphic at a. 

If g has several singularities, but all of them are real, let a and P be two of 
those. If a is a pole and we expand g in a Laurent series as before, it follows from 
the reality condition that V := img^k is isotropic. Then, the product qp,a,svg 
has a pole of lower degree than g. Repeating this, we obtain a loop g that can 
be evaluated at a. Because a G R, the reality condition says g{a)*g{a) = Id; in 
particular, g{a) is invertible and we have removed the singularity a. 

We are left with the case of g having a single singularity a e M; write 
5(A) = (A - ay'-Ar + . . . + (A - a)-^Ai + Id 
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with r > 1 and Ar ^ 0. The reahty condition written out expUcitly is 
(5.2) ^ =0 

for all > 1. 

The type of induction we will use is the same as in the second part of the proof 
of Theorem 3.1; recall the following notation: Ki = nj>i ker for i > 0, so that 

C" = Kr+x D KrD ...D KiD Ko = 0, 

and Vi := Y,j>i ^iC-'^j+i)) so that 

= K+i c K c... c Fi c Fq. 

For i > 1, the spaces Vi are isotropic, and Vq is perpendicular to Vi, so since g is 
supposed to be nonconstant, Vq ^ C". Thus, no analogue of the last part of the 
proof of Theorem 3.1 is needed here. 

Let fC — {{ai)i>a \ CH G N, = n}, equipped with the total ordering 

< {bi)i There exists j > such that = bi for i > j and aj < bj. 

For a loop g as above, we define an associated tuple e{g) = (aj)i G /C by Oj := 
dimiCj+i — dim Ki = diinAi{Ki^i). 

Since the remainder of the proof is significantly diflferent in the case p = q, we 
treat it in two separate propositions. □ 

Proposition 5.5. With the notation as above, in the case p = q the loop g is a 
product of simple factors of the form ma,k,N ■ 

Proof. We will prove the claim by induction on e{g), the induction basis being 
trivial since the unique minimum is attained only for ^(A) = Id. 

Let > be the smallest integer such that im^fc c Vfe. Since Aq = Id and 
as noted above, Vb ^ C" unless g is the constant identity loop, we can assume 
A; > 1. By definition of Vk-i, we have Ak-i{Kk) C Vk-i, and by definition of k, 
we have Ak-i{Kr+i) = im^fe_i <^ Vk-i- Let I be the smallest integer satisfying 
r + l>l>k such that Ak-i(Ki) <f_ Vk-i- 

Choose a vector v G Ki such that Ak-i{v) ^ Vk-i; then automatically Ai-i{v) ^ 
0, since otherwise v G Ki-\. Since I > k, we therefore have ^ Ai-i{v) G Vi-i C 
Vk-i- Equation (5.2) gives 

= {AiV, Ajv) 

i+j=k+l-2 

= {Ak-\v, Ai-iv) + Ak-iv) = 2 • Re (^fe-i^, Ai^xv), 

since all the other summands vanish cither because v ^ Ki, ov because Vk is isotropic 
and for all indices i,j > k, the images imAj and imAj are in Vk- Therefore with 
the help of Lemma 5.2 we may choose a two-step nilpotent, skewsymmetric map N 
with N(W) = and N{Ak-iv) = —Ai-iv, where W D Vk-i is a maximal isotropic 
subspace with Ak-iv / W. Note that we use here that maximal isotropic subspaces 
are their own orthogonal complement, which is true since we assumed p = q. We 
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define 

5(A) = ma,i-fe, Ar(A)g(A) 

= Id + . . . + (A - a)-^+^{NAk-i + Ai_i) + (A - a^^i + . . . + (A - a^Ar 
=:^(A-a)-Mi, 

i 

and wish to show that e(g) < e{g) in order to use induction. To show this we 
have to investigate how Ki = nj>i ker^j has changed compared to Ki. Obviously, 
Ki = Ki for i> I. If w e Ki_i, we have 

{NAk-i + Ai_,){w) = NAk-i{w) G NAk-i{Ki_i) c 7V(K-i) = 0, 

so Ki-i C Ki-i, and furthermore, {NAk-i + Ai-i){v) = 0, so K;_i C Ki-i, which 
means e{g) < e(,g); by induction, the statement follows. □ 

Proposition 5.6. With the same notation as above, in the case p ^ q the loop g 

is a product of simple factors of the form rUa^k.N cind na,k,N ■ 

Proof. Wc will prove the claim by induction on e{g). 

The same argument as in the previous proposition shows that wc can reduce 
to the following situation: V := Vk is maximal isotropic, and im Ak C V-^ but 
imAfe V. Since p ^ q, we have a decomposition 

c" = y e (y e sV)^ © sv, 

and the inner product is definite on W := {V ® sV)-^. 

Since Aq = Id, we may define s > 1 to be the integer such that 

(5.3) imAk-i, ■ . . ,imAfc_s+i _L V, but imAks / V. 
We claim that for all — s + 1 < i < 0, 

(5.4) Ak+^iKk+s+2^) C V. 

For i = 0, this follows from (5.2): for any v G Kk+s, 

-1 s-l 

{Ak{v),Ak{v)) = - Yl {^k-3{^)^^k+j{v))~J2{Ak^,{v),Ak+j{v))=0. 

The vector Ak{v) is therefore isotropic and perpendicular to the maximal isotropic 
subspace V; it follows Ak{Kk+s) C V. 

If we assume that we have shown (5.4) for > i > io + 1, we can show it for 
i = io>-s + l again via (5.2): for any v G Kk+s+2io, 

{Ak+ia{v),Ak+ia{v)) 

— 1 s+io — l 

= - X] {^k+io-j{v), Ak+^o +jiv) ) - X {Ak+ig -jiv) ,Ak+io+j{v)) = 0, 

j=-s-io+l ^ ' j=l ' 

gy-L gy-L 

since e.g. for j > 0, we have 

^k+io+j{v) G Ak+io+j{Kk+s+2io) C Ak+io+j{Ki,+s+2{io+j)) C V 

by assumption. 

Let Z > — s + 1 be such that 

(5.5) Ak-s{Kk+i) 1- V but Ak-s{Kk+i+i) I V 
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and choose a vector v G Kk+i+i with Ak-s{v) / V. It follows Ak+i{v) ^ 0. Look 
at the reality condition 

0= {Ak+i{v),Ak+j{v)) 

i+j=-s+l 

(5.6) = {Ak-s{v),Au+i{v)) + . . . + {Au+i{v),Ak-s{v)). 

Let us look at the summands of (5.6) each at a time. If neither of i and j is —s 
and at least one, say i, is positive, the respective summand vanishes since then, 
im Ak+i C V and im Ak+j C V-^ . What happens if i and j are both nonpositive, 
and neither of them is equal to — ,s? 

First of all, this is only possible if — s + / < 0, i.e. I < s. We have Ak+i{v) £ 
Ak+i{Kk+i+i) and Ak+j{v) e Ak+j{Kk+i+i), so we see from (5.4), that iik + l + 1 < 
k + s + 2ioik + l + l<k + s + 2j, the respective summand vanishes. If neither of 
these inequalities is valid, it follows from i + j — —s + l that 

k + l + l>k + s + 2i = k + {l-i-j)+2i = k + l + i-j =^ 1> i-j 

and 

k + I + 1 > k + s + 2j = k + {I - i - j) + 2j = k + I + j - i =^ 1 > j - i, 
so i = j. We therefore sec: If — s + Z < is odd or —s + l> 0, (5.6) becomes 

(5.7) {Ak-s{v),Ak+iiv)) + {Ak+i{v),Ak-s{v)) = 0, 
and if — s + Z < is even, (5.6) becomes 

(5.8) {Ak-s{v),Ak+i{v)) + {A^+=^{v),A^^^{v)) + {Ak+i{v),Ak-s{v)) = 0. 
If we are dealing with (5.7), we have 

{Ak-s{v),Ak+i{v)) Gi-R, 

so by Lemma 5.2 there exists a skewsymmetric two-step nilpotent map N with 
N{V-^) = and N{Ak-s{v)) = -Ak+i{v). We claim that the loop 

g{X) = m„,s+i,jv(A)ff(A) =: ^(A - a)-'Ai 

i 

satisfies e{g) < e{g). Since N{V-^) = 0, we have Ai = NAis-i + Ai = Ai for all 
i> k + lhy (5.3). For i = k + l, 

Ak+i{Kk+i) = iNAk-s+Ak+i){Kk+i) = NAk-s{Kk+i) C N{V^) = 

by (5.5) and Ak+i{v) = NAk-s{v) + Ak+i{v) = although Ak+i{v) ^ 0, so e{g) < 
e{g) and we may use induction. 

If we are dealing with (5.8), there are three subcases. If {Ak-s{v) , Ak+i{v)) G i-R, 
the middle summand vanishes, so the same argument as before applies with a 
skewsymmetric map A'' sending Ak-s{v) to —Ak+i{v). 

If {Ak_s{v), Ak+i{v)) € R, we can apply Lemma 5.3 to find a map M : {V ® 
sV)-^ V such that N = M - M* satisfies 

(5.9) ^N^Ak-siv)) + N{A,^^{v)) + Ak+i{v) = 0; 
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we want to show that the product 

5(A) = n„_^^^(%(A) = (ld+(A - a)-^7V + ^(A - a)-^-'N'^ g{X) 
= :^(A-a)-M, 

i 

satisfies e{g) < e{g). For that, we claim that 

Ak+i+j{Kk+i+j) = (^^N^Ak_s+j + iV^fe+^+,- + Ak+i+j^ (Kk+i+j) = 

for all j > 0. The first summand vanishes for j = since Ak-siKk+i) C V-^ by 
(5.5), and for j > since then, im A^-s+j C V-^ by (5.3). The third summand 
vanishes trivially, so it remains to regard the second. By (5.4), 

V D A^+^+j-(/^fe+,+2^+2j) = A+^+jiKk+l+2j) 3 Af^^^^^{Kk+l+j), 

so the second summand vanishes as well. Then, (5.9) shows e{g) < e{g). 

The third case is that {Ai.-s{v), Ai._^_i{v)) is neither real nor purely imaginary. 

The idea is to multiply with a simple factor of the type m to make this inner 
product purely real. Let TV be a skewsymmetric map with A^(V"^) — and N"^ = 
such that 

Air A ( w ■ 1MAk-s{v),Ak+i{v)) 
{Ak_s\v),Ak+i[v)) 

Lemma 5.2 allows us to do so since 

^Au-s{v), -i . M-4fe-.(^),^fc+/(^)) . ^ _ . . im(Afe_,(t;), A,+K«)> e MR. 

Consider the product 

3(A) = ma,s+j,jv(A)5(A) = ^(A - a)"Mi, 

i 

where Ai = NAi-g-i + Ai. Since the kernel of A'' contains V-^, we have Ai = Ai 
for all ?■ > k + 1, and for i < k + l, they differ only by endomorphisms with values 

in V. We see that 

{Ak-s{v),Ak+i{v)) = {Ak-s{v),NAk-s{v) + Ak+i{v)) 

= -i-lm.{Ak-s{v),Au+i{v)) + {Ak-s{v),Au+i{v)) G R, 

and 

2 • {Ak-s{v),Ak+i{v)) + (ife+^(t'),4+^(w)) 

= {Ak^s{v),Ak+i{v)) + {A^+^{v),Af^^^(v)) + {Ak+i{v),Ak-s{v)) 

= 0, 

so we have reduced to the assumptions of case two: we can now multiply g with a 
simple factor of the type n„ £±i for an appropriate N as explained in the previous 
case. □ 
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6. NiLPOTENT DRESSING: SIMPLE POLES 

Recall how the Birkhoff factorization theorem yields the dressing action [3] of the 
negative loop group £_(GL(n, C)) on the positive loop group £+(GL(n, C)): Given 
generic g± G £±(GL(n, C)), there exist g± € £±(GL(n, C)) such that g-g+ = 
g+g-] the dressing action of g- on g+ is then defined by g_ * g+ :— g+. Under 
presence of a r reality and/or a cr-twisting condition, the dressing action restricts 
correspondingly (e.g. we obtain an action of £l.''^(GL(n, C)) on £!^'^(GL(n, C))). 
Let us consider the dressing action of a nilpotent simple element 

'ma,i,N = Id+ ^ ^^^ ^ N, 

where N'^ = 0. 

Proposition 6.1. Let f G £+{GL{n,C)), i.e. / : C — *■ GL{n,C) is holomorphic 

on all of C Let fi :— ^|;^_^ fW.f{(^)^^ G flK'^i^), and assume that Id+Nfi is 
invertible. If we define N := f{a)-^{ld+Nfi)-^Nf{a), then = and 

TOa,i,iv * / = ^<x,i,Nfm~^^ .^ £ £+{GL{n, C)). 

Proof. To prove that N is two-step nilpotent, multiply its defining equation 

(6.1) (Id +7V/i)/(a)7V/(a)-i = TV 
from the left with N to obtain 

(6.2) Nf{a)Nf{a)-^ = 0. 

Then, multiplying (6.1) from the right with f{a)Nf{a)~^, we get 

(Id+iV/i)/(a)iVV(a)-'=0, 

which is only possible if iV^ = 0. 

To show holomorphicity, we only need to show that the loop is holomorphic at 
a, i.e. that the negative terms in its Laurent series expansion at a vanish. But the 
(A — a) "^-coefficient is 

-Nf{a)N = 
using (6.2), and the (A — a) "^-coefficient is 

Nf{a) - fia)N - Nfifia)N = Nf{a) - {ld+Nfi){Id+Nfi)-^Nf{a) = 0. 
Thus, the new loop is holomorphic. □ 

To give some first application of this proposition, let us quickly review the 
construction of the ZS-AKNS flows, developed by Zakharov and Shabat [7] and 
Ablowitz, Kaup, Newell and Segur [1]. See e.g. Section 2 of [3] for a detailed 
exposition. For a non-zero diagonal matrix a G s[(n, C), define 

5[(n, C)„ = {ye s[(n, C) | [a, y] = 0}, sl{n, C)i = {y e si{n, C) | tr(ay) = 0}, 

and denote by S'(K, s[(n, C)^) the space of rapidly decaying maps. For h G s[(n, C) 
such that [a, 6] = and any positive integer j, there is a unique family of 5l(n, C)- 
valued maps Qbj such that 

{Qb,j{u))x + [u,Qb,j{u)] = [Qb,j+i{u),a] 
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and the asymptotic expansion Xl^o Qb,j{u)X •' is conjugate to b. Then, the {b,j)- 
flow on S{R,sl{n,C)-^), also called the j-th flow in the sl{n,C) -hierarchy defined 
by b, is given by 

If w is a solution of the j-th flow defined by b, then there exists a unique trivialization 
of u, i.e. a solution E{x, t, A) of 

E~'^E^ =aX + u 

E-^Et = bX> + Qb,i{u)X>~^ + ... + Qb,j{u) 
E{0,0,X)=Id. 

Assume that m is a solution admiting a local reduced wave function ui{x,t, A), as in 
Definition 2.4 of [3]. In particular, 

E{x, t, A) = tj(0, 0, A)-ie''^^+^^'*u;(a;, t, A). 
Then we can adapt Theorem 4.3 of [3] to our situation: 

Proposition 6.2. Let u be a local solution of the j-th flow defined by b with triv- 
ialization E that admits a local reduced wave function uj. Choose a G C and a 
two-step nilpotent map A/' : C" ^ C". Let Ei{x,t) = -^\^^^E{x,t,X)E{x,t,a)~''- , 
and define N as in Proposition 6.1: 

N{x,t) = E{x,t,a)~'^{Id+NEi{x,t))~'^NE{x,t,a), 

wherever this is well-defined. Then, u{x,t) = u{x, t) — [a, N{x, t)] is another solution 
of the j-th flow. Its trivialization is 

E{x,t) = m»,i,NE{x,t)m-^^^^^_^^^^ 

and it has the local reduced wave function 

Q{x, t, A) = u{x, t, A)m^ ^ (A)-\ 

Proof. The proof is as in [3] . Since m is a local reduced wave function of u, we have 

E{x, t, X) = w{0, 0, A)-ie"^^+^^-''*a;(a;, t, A). 

Thus, if we define E and m as in the proposition, we have 

E{x,t,X) = ma,l,NiX)E{x,t,X)m^■^^^^f^^^^{X)~'^ 

= m„,i,;v(A)a;(0,0,A)-ie»^^+''^'*a;(a;,t,A)m„_i^^(^_,)(A)-i 

= a)(0, 0, X)-'^e''^''+^^'*u){x, t, A). 

Therefore, Proposition 2.11 of [3] shows that if 

u){x,t, A) = Id+a;i(a;, t)X~^ + L02{x,t)X~'^ + . ■ ■ 

is the expansion of u) at oo, then u = [a,u)i] is a solution of the j-th flow with 
trivialization E and local reduced wave function cD. We have 

^a,i,iv(.,t) (A)-' = Id -Nix, t){X -a)-'= Id -N{x, t)X-' + ..., 

and hence cDi = wi — N. Thus, u = u — [a,N]. □ 
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Example 6.3. Let us apply Proposition 6.2 to the vacuum solution u = of the 
j'-th flow in the s((2, C)-hierarchy defined by a = ^ . Its trivialization E is 

given by E{x,t,X) = e°(-^^+-^^*), and its local reduced wave function is Lj{x,t,X) = 
Id. If we denote 

^{x, t) = X + ja-'~^t, 
then the power series expansion of E{x, t, X)E{x, t, a)^^ in A = a reads 

E{x, t, X)E{x, t, a)~^ = Id +a^{x, t){X - a) + . . . , 

hence 

We write the nilpotent matrix iV in the form N = \^ 1 , with det = 

—n\ — n^n^ = 0. A direct calculation shows that 

^^""'^^^ l + 2ni^(a;,t) (^n3e2«-+2«^* ' -m J' 

and hence 

2 f — n2e~^"^~^"^*\ 

uix,t) = -[a,Nix,t)] = jj^^^^^ l^,3e^«x+2«.* , j ■ 

We see that the new solution u is smooth on all of if and only if ni = 0, 
i.e. A'' = OT N = . If m 7^ 0, then u is singular along the line 

Consider the involutions a and r ons[(n, C), given by t{A) = A and (t{A) = —A*. 
The Cartan decomposition of the symmetric space SL(n)/SO(n) is the eigenspace 
decomposition of a, restricted to s((n,]R): s[(n,]R) = so(n) ® p. For odd positive 
integer j, the j-th flow in the Shin)/ SO (n) -hierarchy defined by b is given by the 
restriction of the j-th flow in the SL(n, C)-hierarchy to S'(M,sl(n, M);^^), where 
sl{n,R)l,=so{n)nsl{n,C)^. 

To apply dressing to twisted hierarchies, we need to find products of simple 
elements that satisfy the twisting condition. For that, a permutability formula is 
essential: 

Proposition 6.4. Let a ^ (3 and N, M satisfy ^ M'^ = 0. // 

X / / X 2 \ -1 
1 \ \ / . / 1 ^ 



and 



1 \ -.\ / 1 ^ 



are well-defined, then we have 
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Proof. This follows from Proposition 6.2 as usual. □ 
For a e C and a two-step nilpotcnt map N such that 

(6.3) N' = (ld-^7v) (ld+^iV*iv) ' iV* (id+^iV 
is well-defined, let 

(6.4) Sa,N ■= m-a,l,N'ma,l,N- 

Corollary 6.5. For a £ M and N two-step nilpotent such that (6.3) is well-defined, 

Sc.,N e /:L-"(GL(n,C)). 

Example 6.6. The third flow in the SL(2, ]R)/S0(2)-hierarchy defined by a = 
^ ' is the modified KdV equation 



-1 



where u = | see [31, Example 3.f2. Let q G M and = | ^ ^2 \ ^•i-]-^ 

det N = 0. To perform dressing with Sa,N on the vacuum solution u = 0, we need 
to apply Proposition 6.2 twice. Using notation and the calculations of Example 
6.3, one finds the now solution q as the upper right entry of u = u — [a, TV''], where 
N' is constructed as follows: 

N'{x, t) = E{x, t, -a)-i(Id +N'Ei {x, t))-^N'E{x, t, -a), 

where 

E{x,t) = ma,i,NE{x,t)m-^j^^^^^^ 

and Ei{x,t) = j^\^__^E{x,t,\)E{x,t,—a)~^. With the help of a computer one 
finds 



3^ {A{x, t) - 8ni)ri;,c''""=+''"' * + {A{x, t) + 8ni)n2 



where 

A{x, t) = IGmax + 48nia^t + 8a 

and 

B{x, t) = Wa^nlx'^ + 96a^nlxt + IGa^mx + ASa^mt + lUa^nft'^ + Aa^ + 2n?. 

7. Nilpotent dressing: Higher pole order 

Dressing with simple elements nia^k.N with A: > 2 is still possible, but the for- 
mulas become more and more complicated as k grows. We only give an idea for 
fc = 2. 

Proposition 7.1. Let f e C+{GL{n,C)), choose a G C and a two-step nilpotent 
map N , and write the power series expansion of f in a as /(A) = X^^q fi{X — ay. 
IfX = {Nh + h){Nf2 + hr\ 

Ml = (7V/2 + /o - XNf^)-\XNfo - Nh) 

and 

M2 = -{Nh + for\NfiMi + Nfo) 
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are well-defined, then the loop 
is holomorphic at a. 

Proof. The principal part of the Laurent series in a of the new loop reads 

(7.1) (t^) ^/o^2 

(7.2) +(t^) [iV/iM2 + iV/oMi] 



1 


A 




a 




1 




A 




a 




1 




A 




a 




1 




A 




a 



(7-3) [(^/2 + /o)M2 + iV/iMi + iV/o] 

(7.4) [iNh + h)M2 + {Nf2 + h)Mi+Nh\. 

If the terms (7.3) and (7.4) vanish, then also (7.1) and (7.2), as one can see by 
multiplying them from the left with the two-step nilpotent map N. But (7.3) and 
(7.4) vanish if Mi and M2 are chosen as in the statement of the proposition. □ 

Example 7.2. Already the formulas in Example 6.3 become very complicated if 
one replaces the simple element ma,i,N by ma,2,N- Therefore, we restrict ourselves 
to the case of the third flow, and the simple element having its pole at 0. For 

u = ^ 0)' tliii"d flow in the 5[(2, C)-hierarchy defined by a = is 
given by 

qt = 2^qxxx - Qqrqx), n = -(r^xx - Qqrr^), 

see [3], Example 2.8. Applying Proposition 7.1 to the vacuum solution u = and 

the simple element mo 2 n, with A'' = ( ) satisfying detA' = 0, a direct 

' ' \n3 —nij 

calculation provides the solution 

4 f n2(2nia;3-|-3a;-|-3nii) 



4nfx4 - Unlxt + 3 \-n3{2niX^ - 3x + 3nit) 

8. The n-DIMENSIONAL SYSTEMS 

Let U/K be a rank n symmetric space with Cartan decomposition u = 6 ® p, 
and choose a maximal abelian subalgebra a C p with basis ai, . . . , a„. Recall that 
the n-dimensional system associated to U /K is the following system of first order 
partial difi^erential equations for : M" — > a-'- n p : 

[ai,Vx,] - [aj,v^^] = [[ai,v],[aj,v]], 

which is independent of the choice of basis. 

Associated to any symmetric space U/K is its dual symmetric space U*/K, 
which has the Cartan decomposition u* = B ® ip. Choosing the maximal abelian 

subspace ia C ip with basis iai, . . . , 2a„, wc sec 

Lemma 8.1. v : R" ^ n p is a solution of the U/K -system if and only if 
—iv : M" — > (ia)-"- Clip is a solution of the U* / K -system. 



20 



OLIVER GOERTSCHES 



Therefore, the U / K-system and the U*/K system are the same, and we do 
not only have a dressing action of the rational loop group C'[l" {U) on the space 
of solutions of the C//if -system, but also one of C'2'^{U*). Furthermore, whatever 
geometric interpretation of the solutions of the particular U /if-system has been 
found, also applies to the U* /K- system. 

Let us apply this observation to the system associated to the symmetric space 
GL(n)/0(n), which we now have seen to be the same as the system associated 
to U(n)/0(n). The Cartan decomposition of GL(n)/0(n) is Qi{n) = so(n) © p, 
where p is the space of symmetric matrices. Let = eu be the standard basis 
of the Cartan subalgebra a C p of diagonal matrices, i.e. is the matrix with 
zeros everywhere except a 1 at the M-entry. Then, /? : M" — > p is a solution of the 
GL(n)/0(n)-system if and only if 



(8.1) 




(iikPkj A: distinct 

{fit])x, + Efc PikPk] =0 j, 



see [5]. On the other hand, /? is a solution of the GL(n)/0(n)-system if and only 
if u)\ = X^i(Aaj + [ai,(3])dxi is flat for all A. In this case, there is a unique frame 
E{x, A) satisfying 

E-^dE = ^{Xai + [ai, l3])dxi, E{0, A) = Id . 

i 

This frame satisfles the GL(n, IR)-reality and the 0(n)-twisting condition: 



Eix, A) = E{x, A), E{x, -XYE{x, A) = Id . 

Remark 8.2. Observe that F{x, A) = E(x, iX) satisfies the U(n) reality condition: 

F{x, A)*F(x, A) = E{x, iX)*E{x, iX) = E{x, -iXfE{x, iX) = Id . 

This is not surprising as F~^dF = J2i{^^^i + WijP])dxi, i.e. F is the frame of the 
solution of the U{n)/0{n) -system. 

Let a G M and N be two-step nilpotent such that both 

N{x) = E{x,a)-'^{ld+NEi{x))-'^NE{x,a) 

and 

N'{x) = E{x,-ay^{ld+N'Ei{x)y^NE{x,-a) 
are well-defined. Here, Ei and Ei are given by Ei{x) := -^\^_^E{x, X}E{x,a)~^ 
and Ei{x) := E{x, X)E{x, —a)~^ , and A''' is given by (6.3). Now we may 

consider the dressing action of a simple element Sa,N on E and obtain the new 
frame 

E = Sa,N *E = m_oi,i,N'Tna,i,NEm~\ ~m~^ - . 
The calculation of E~^dE is then implicit in Proposition 6.2: 

E-'^dE = ^(Aa, + [ai,(3- N - N'])dxi, 

i 

We have proved: 

Proposition 8.3. Let (3 he a solution of the GL{n)/0{n) -system, and E{x, X) its 
frame. Then 
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is the solution of the GL{n)/0{n) -system obtained by dressing with Sa,N- Here, we 
denote by [N + N')^ the trace-free part of N + N'. 

Let us quickly review parts of the connection between solutions of the U(n) /0(n)- 
system (resp. the GL(n)/0(n)-systcm) and Egoroff metrics, as found by Terng and 
Wang [5]. A local orthogonal system (xj) of M" is called Egoroff if there exists a 
function ^{x) such that the Euclidean metric rfs^ written in this coordinate system 
is of the form ds'^ = ^ihf{x)dxf , where hf{x) = The rotation coefficient 

matrix /3 of the Egoroff metric ^ h^dxf is defined by Pij = for i j, and 

Pa = 0. If /? is the rotation coefficient matrix of a flat Egoroff metric, then /3 solves 
(8.1), i.e. is a solution of the GL(n)/0(n)-system. Conversely, if /3 is a solution of 
the GL(n)/0(n)-system, then /? is the rotation coefficient matrix of a flat Egoroff 
metric. 

A flat Egoroff metric is called 0-invariant or spherical, if dhi = 0, where 

d = 'J2j sec Proposition 2.4 of [5], where four equivalent conditions for 

being 9 -invariant are listed. Recall also statements (1) and (3) of Theorem 2.5 of 
[5]: If Y2i h^dxf is a 9-invariant flat Egoroff metric, and E the frame of X^j(Aoj + 
[flj, /3])a!.Tj, then h can be reconstructed via the formula E{x.O)h{x) — h(0). Fur- 
thermore, there is an associated family of flat Lagrangian immersions into C" given 

by 

X{x, A) = -iX-^{E{x, i\)h{x) - h{0)). 

Note that the additional factor i in front of A is explained by Remark 8.2. Then, 
we have the following analogue of Theorem 4.2 of [5]: 

Proposition 8.4. Let J2i ^Idxj be a d-invariant fiat Egoroff metric with coef- 
ficient matrix (3 and frame E{x,X). Let c = h{0). If E = Sa,N * E and c is a 
constant, then we have a new d-invariant flat Egoroff metric 

h{x) = E{x, 0)c 

with associated family of fiat Lagrangian submanifolds 

X{x, A) = -iX-^{E{x, iX)E{x, 0)-^c - c). 

References 

[1] Mark J. Ablowitz, David J. Kaup, Alan C. Newell, and Harvey Segur: The inverse scattering 
transform - Fourier analysis for nonlinear problems, Studies in Appl. Math. 53 (1974), 

249-315. 

[2] Neil Donaldson, Daniel Fox, and Oliver Goertschcs: Generators for rational loop groups, 

arXiv: 0803. 0029. to appear in Trans. Amer. Mat. Soc. 
[3] Chuu-Lian Terng, Karen Uhlenbeck: Bdcklund transformations and loop group actions. 

Comm. Pure Appl. Math. 53(1); (2000) 1-75. 
[4] Chuu-Lian Terng: Geometries and symmetries of soliton equations and integrable elliptic 

equations. Adv. Stud. Pure Math. 51 (2008), Surveys on geometry and integrable systems, 

401-488. 

[5] Chuu-Lian Terng, Erxiao Wang: Transformations of flat Lagrangian immersions and Egoroff 
nets, Asian J. Math. 12(1): (2008), 99-119. 

[6] Karen Uhlenbeck: Harmonic maps into Lie groups: classical solutions of the chiral model, 
J. Differential Geom. 30(1): (1989) 1-50. 

[7] Vladimir E. Zakharov and Alexey B. Sabat: Integration of nonlinear equations of mathemat- 
ical physics by the method of the inverse scattering problem, II, Functional Anal. Appl. 13 
(1979), no. 3, 166-173. 



22 OLIVER GOERTSCHES 

Mathematisches Institut der Universitat zu Koln, Weyertal 86-90, 50931 Koln, Ger- 
many 

E-mail address: ogoertscSmath.uni-koeln.de 



